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0 0
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i n -] b - :•*
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Sy Y angular

C Basic dynamic capacity lb1

x



. -

Symbol Description Units
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formed with the modulus sine where cosE b/a

r/d

F. Applied load in i direction, i x, y, z lbs.

Fc Ball centrifugal load lbs.

F Force matrix = [Fl lbs.
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Jx(0) Radial load integral

K Ball-race stiffness lbiin.

K i Stiffness component, change of force in i lb/in.direction due to displacement in j
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EN Stiffness matrix

'ylineal

0 0

o 0

0 0 angular
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xx xy

K K
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rad

L -
K K
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KYX Y angular

K Axial deflection constant
z

K(e) Complete elliptic integral of first kind

M Applied moment. -., . . in.,-lb
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n Number of balls

P Ball load lb.
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6
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x Column vector =
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Symbol Description Units
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EN Column vector Y
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Symbol Description Units
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center line of bearing

Contact angle radians, 0 0

0
8' Free 'contact angle radians,
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r Residues of Newton-Raphon equation

6 Displacement in.
3
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6 Axial displacement in.
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Ball-race deflection or normal approach in.
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2 26

max

c Hertzian contact parameter; Eqs. (73,88.91,92)

2
4(l-v n 2

BR 2

n in. /lb
E B

4 (1-v )2 2
R in. /lbs

R EER

a Angular rotation about x axis radians.,

a0
e Angular rotation about y axis radians,0

0Angular rotation about z axis radians,o

Coefficient of sliding friction

V Frequency of vibration radians/sec

VB Poisson's ratio for ball
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Sybol Description Units

VR Poisson's ratio for race radians/sec

wB Rotational velocity of ball radians/sec

S1 Rotational velocity of outer race relative radians/sec
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w2 Rotational velocity of inner race relative radians/sec
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SBall spin rotational velocity radians/sec

Absolute orbiting velocity of ball radians/sec
Et

12 Absolute rotational velocity of outer race radians/sec

Q Absolute rotational velocity of inner race radians/sec

Angular location of ball radians. 0
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SUBSCRIPTS

Symbol Description

b Refers to bearing

B Refers to ball

c Refers to centrifugal

i Refers to outer (i - 1) or
inner (i U 2) race

L Refers to loaded extent of bearing

max Refers to maximum condition

p Refers to pedestal

q Refers to ball circumferential position

R Refers to race

x Refers to x direction

y Refers to y direction

z Refers to z direction

I Refers to outer race

2 Refers to inner race
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SECTION I

INTRODUCTION AND SUMMARY

In recent years, the Rotor-Rearing Dynamics Design Technology Series,

AFAPL-TR-65-45 (Parts I through X) has been considered by many engineers

to be an important part of their basic analytical tool kit. However,

since the issuance of the first volume, in May of 1965, the state-of-the-

art has significantly advanced. Further, new techniques of data presen-

tation have been developed, computer capabilities have increased and some

minor typographical and technical errors were uncovered.

Part IV of AFAPL-TR-65-45 treated design data for typical deep-groove

and angular contact bearings. The data was presented in graphical form

and consisted of direct radial stiffness, load carrying capacity, and

load levels. In addition design guidelines and limitations were discussed.

The major deficiencies of this original volume were that centrifugal effects

due to high speed were ignored, and axial and angular stiffness informa-

tion were omitted.

Subsequent to the publication of Part IV, several extensive treatments of

ball bearings including elastohydrodynamic, ttern.al, and cage effects have

been published. The computer program of Mauriello, LaGasse, and Jones (3)

considers both elastohydrodynamic and cage effects. The more recent computer

based design guide prepared by Crecelius and Pirvics (4) treats elastohydro-

dynamic, thermal, and cage effects for a system of ball and roller bearings.

Thus very sophisticated analytical tools are available for the design and

application of ball bearings. Neither of these tools, however, provide

the user with the stiffness matrix required for solution of rotor dynamics

problems. In addition both computer programs are very large and require an

extensive computer facility for use.

The present volume is intended as an update of the original Part IV(1).

Those aspects of the original Part IV(1) which treated general design

noa



aspects of ball bearings, load capacity, speed limitations, etc. have been

deleted since their coverage is superficial compared to the more sophist!-

cated computer tools now available (3,4). Only those parts directly con-

nected with preparation of input for the rotordynamic response programs

(Volume I of the revised series) have been retained. The complete stiffness-

matrix is calculated including centrifugal effects. Considerations such as

elastohydrodynamic and cage effects are not included since they have little

influence on the calculation of ball bearing stiffness. The resulting

program (Appendix A) is reasonably small and easy to use. Lastly, the stiff-

ness data inclueed in the original Part IV have been updated and are included

in Appendices B, C and D.

* * 4 t P $ 2 6



SECTION IT

ANALYSIS

2.1 General Bearing Model and Coordinate System

Accurate calculation of the lateral dynamic response of a high-speed rotor

depends on realistic characterization of the support bearings. In the most

general case, both linear and angular motions are restrained by the support

bearings at the attachment location. In the analytical model, the reaction

force and the reaction moment of each bearing are felt by the rotor through

a single station of the rotor axis. As schematically illistrated in Figure

la, a coil spring restraining the lateral displacement and a torsion spring

which tends to oppose an inclination are attached to the same point of the

rotor axis. A complete description of the cht.racteristics of the support

bearings, however, involves much mo're than the specification of the two

spring constants. This is because:

The lateral motion of the rotor axis is concerned with two

displacement components and two inclination components.

The restraining characteristics may include cross coupling

among various displacement/inclination coordinates.

The restraining force/moment may nor be temporally in phase

with the displacement/inclination.

The restraining characteristics of the bearing may be

dependent on either the rotor speed or the frequency of

vibration, or both.

Bearing pedestal compliance may not be negligible.

To accommodate the above considerations, the support bearing characteristics

are described in Reference 2 by a four-degrees-of-freedom impedance rotrix as

defined in Equation (1):

where W is a column vector containing elements which are the two lateral
"-N

displacements (6 ,6 )and the two lateral inclinations (P 9 )of the
x y x y

3
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rotor axis at the bearing station N.

Employing a right handed Cartesian representation in a lateral plane as

depicted in Figure lb, the z-axis is coincident with the spin vector of the

rotor. The x-axis is oriented in the direction of the external static load,

and the y-axis is perpendicular to both z and x axes forming the right

handed triad (x, y, z). (6x, 6 y) are respectively lateral lineal displace-

ment components of the rotor axis along the (x, y) directions. ( 9 x' ,y) !

are lateral inclination components respectively in the (z-x, z-y) planes.

Note that 9 is a rotation about the y-axis, while 9 is a rotation aboutx y :

the negative x-axis.

N is a complex (4 x 4 matrix), and in accordance with the common notation-N.
for stiffness and damping coefficients, may be expressed as

N+ iV=N (2)

where KN is the stiffness matrix and B is the dampilg matrix. v is the "

frequency of vibration. Fcst commonly, lateral linear and angular displace-

ments do not interact with each other so that the non-vanishing portions of

and N are separate 2 x 2 matrices. That is

(KN)l 0 0
lineal 0 (3)

0 0 angular

lineal

LF O angularj

Accordingly, a total characterization of a support bearing would include

sixteen coefficients whiLh make up the 4 (2 x 2) matrices:

i L yx YYL lineal

5



(l) lineal B [ (6)1
Lyx Y m Iieal

angulr L: ::](7)
angulaangla

suppot imedane cabe alculatdaro

wn hereen ubcitshatad"b efrt the pedestal cmlaeisigfcand, bhearng rhespfectively

Note that both pedestal inertia and damping may be included in Z

2.2 General Bearing Support. CharacteristicsI

The function of a bearing is to restrict the rotor axis to a nominal axis

under realistic static and dynami.c load environments. Deviation of any

particular point of the rotor axis from the nominal line can be character-

ized by three lineal and two angular displacements. These may be designa-

ted as (6 X 6 y 6 z 9 x , 9 ) in accordance with a right-handed Cartesian

reference system. The z-coordinate is coincident with the reference axisj

and is directed toward the spin vector. (9 x 9 v) are rotor axis inclina-

tions respectively in the z-x and z-y planes. The x-coordinate is directed

toward the predominant static load; e.g., earth gravity. Ideally, the

bearing would resist the occurrence of any displacement so that the

reaction force system imparted by the bearing to the rotor is generally

expreý,ed in matrix notation as

F Z - x (10)

6



F is a column vector comprising the five reaction components (Fx, F F I

Mx, M y), while x is the displacement vector (6x 6 y 6 z, 9X, 9 y). is a

(5 x 5) matrix containing the elements Z with both indicies (i, j)
ranging from I to 5. The values of Z.i characterize how rotor displace-

ments are being resisted by the bearing.

From the standpoint of dynamic perturbation, distinction is made between

a static equilibrium component and a dynamic perturbation component for

both the displacements and the reactions. Thus,

. x +x'; F = F +0F' (1)-- -o -- - --O --

(x', F') are respectively presumed to be infinitesimal in comparison with

(x1 F 0). Accordingly, Z.ij are regarded as dependent on x -o but not on x'

To illustrate the idea of perturbation linearization, one may examine the

one-dimensional load-displacement curve shown in Figure 2.

As illustrated, the load-displacement relationship is a 3/2 power law in

accordance with the Hertzian point contact formula. It is not possible

to describe the entire range by a linear approximation. However, if a

small dynamic perturbation is taken around a static equilibrium point,

6' ' 6 , the small segment of the load-displacement curve can bex x
0approximated by a local tangent line. The corresponding force increment

is

3F
F' - x 6' (12)

x - 1x •x x

where 6' is the incremental displacement. 3F /a6x will depend on the

x x
amplitude of 6x

'1•he question of history dependence is resolved by regarding ?' as periodic

motions at any frequency v of interest, and Z.. accordingly would have

both real and imaginary parts and may also be dependei., on both the rotor

speed w and the vibration frequency v.

To avoid notational clumsiness, the primes will be dropped from (F',x')

7
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which are understood to be dynamic perturbation quantities unless the sub-

script "0" is used to designate the static equilibrium condition.

2.3 Ball Bearing Characterization

In many ways the ball bearing is much simpler to model from a rotor dynamics

point of view than a fluid film bearing. In general, the followirg two

simplifications can be made:

The restraining characteristics do not include cross

coupling among the various displacement/inclination

coordinates.

The restraining force/moment is normally temporally

in phase with the displacement/inclilaltion.

Figure 3 shows a ball bearing referred to in an orthogonal xyz coordinate

system. The outer ring is fixed but the inner ring may move with respect

to the coordinate system. Both rings are free to rotate about their axes.

Three lineal displacements, .A v , ) and two angular displacemcnts, 9
) yX

9V, are required to define the spatial position and attitude of the inner

ring when it is displaced from its initial p,•sition. For purposes of

derivation the initial situation is that existing when the bearing'z end

play is just taken up in the thrust direction. Figure 3 shows these

displacements in the positive sense.

Figure 4 shows some important dimensions and establishes the convention

of the ball-position index q. The contact angle S is the initial mounted

contact angle and is shown in the positive sense.

2.3.1 Stiffness

The total characterization of a ball bearing's stiffness can be

expressed '-v the inatrix at the top of page 12.
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IF IF 3F IF 3FX X X X-ý X

ax ay az 39 yx y

IF IF IF 3F IF

ax ay ax 3 9 Do
x y

3F 3F aF 3F a F
LK] - 3x 3y z D-- 3-9- (13)

xj 7
x x

Y~ 7y g 39 @3
x y

3M 3•1 3M 3M 3M

3x ay 3z 39 3 ax y

The lineal and angular stiffness matrices (Equations 5 and 7) can be derived

from Equation (13). For example:

IF IFx x
3x 3y
(K) -(14)

( lineal ax aF

x }y

3M 3MI
ax

39 D

x y
(E)angular 0 M (15

__X __

19 39
x y

Note that although the nxial components of stiffness are not utilized

by the lateral rotor dynamics program (2), they have been retained

in the general ball bearing stiffness matrix, Equation (13). The

axial stiffness would be required, for example, if the reader was

calculating the axial natural frequency of a ball bearing mounted shaft.

2.3.2 Damping

There is very little data on ball bearing damping. The data included

in Reference 1, which is for nonrotating grease packed bearings,

suggested a value in the order of 15-20 pound sec/in. This should be

12



used only as an approximate figure since this has not been

confirmed.

2.4 Load-Deflection Relationships

For a given ball-raceway contact, the load deflection relationship is given

by an equation of the form:

P - K A3 / 2  (16)

The total normal approach between two raceways under load separated by a

rolling element is the sum of the approaches between the rolling element

and each raceway. Hence,

A - 1 + A2 (17)

and
3/2

K L1K 2/2/3 /3 (18)

where K1 and K2 are a function of the ball-race geometry and material

properties.

2.5 Bali Bearings Under Radial Load

For a rigidly supported bearing subjected to radial load, the radial

deformation at any rolling element angular position is given by

AO - 6max cos€ -(1/2)P? (19)

in which 6max is the maximum deflection, occurring at * 0 and PD is the

diametral clearance. Figure 5 illustrates a radial bearing with clearance.

Equation (19) may be rearranged in terms of maximum deformation as follows:

A - A (l --- (1 - cos)) (20)
max 2

in which

13
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= (21)
• 

max]

It is clear from Equation (21) that the angular extent of the load zone is

determined by the diametral clearance such that

- (22)

For zero clearance, 4 - 90

From Equation (16)

Fi.L [A 3/2- L(23)L maxj hmax]

Therefore, from Equations (20) and (23)

PO= Pmax - (1 - cos3 (24)

For static equilibrium to exist, the applied radial load must equal the sum

of the horizontal (parallel to the load direction) componencs of the rolling

element loads:

Fx = P cos@ (25)

41=-iT

@ = + • 13 / 2

F - P 0 - (I - cos @ cosq (26)
x max F

The summation in above equations applies only to the angular extent of the

load zone. Equation (26) can also be written in integral form:

F = nP x U - 2 (I -3/2 cos~d (27)x max 2rT L 2J

15



or

F = nP J (x ) (23)

in which f {l - (- -cos3)} cos~dq (29)

J (2) + 2--

The radial integral of Equation (29) has been evaluated numerically by

Harris (5) for various values of ;. -

From Equation (16),

P = K 3 / 2 = K •_ p D 3 / 2
K 9 2 

=1 32(30)max ' =0 6 max 2 D

Therefore,

F = nK i6ma - 3 J (1 ) (31)
x max 2 x

For a given bearing with a given clearance under a given load, Equation (31)

may be solved by trial and error.

For ball bearings under pure radial load and zero clearance, J - .2285,
x

and it can be shown from Reference 6 that

4.37F
P _ - x (32)

max ncosB

Accounting for nominal diametral clearance in the bearing, one may use the

following approximation,

5F
P - x- (33)

max ncosB

2.5.1 Approximation to Radial Stiffness

A complete definition of bearing stiffness requires calculation of the

stiffness matrix defined by Equation (13). However. for many

16



applications, simplifications can be made which permit calculation

of radial stiffness of a ball bearing under radial load alone.

Palmgren (6) gives a series of formulas to calculate bearing deflec-

tion for specific conditions of loading. For slow and moderate

speed deep-groove and angular-contact ball bearings subjected to

radial load which causes only radial deflection, that is 6 = 0,
z

p 2/3
-5max cs

6 - 1.58 x 10 d3 (34)

For self-aligning ball bearings,
p 2/3

6 = 2.53 x 10- 5  max (35)x d /3cos

For this case the maximum rolling element load has previously been

shown to be

5F
p x (33)
max ncosB

Substituting for P in Equarion (34) yieldsmax

4.62 x 10- 5 F 2/3

6 = 2 1(36)xn2 / 3 d i1/ 3 C s5 / 3 aX n d cos 6

Transposing, then taking the derivative with respect to x, the stiffness

of the bearing is

K 4.77 x 10 6 nd 1 2cos5 /2 66 1/2 (37)
xx x

For self-aligning ball bearings

K 2.36 x 0bndl1/2cos5/ 2 B6 1/2 (38)
xx x

From Equations (37) and (33) it is apparent that the deflection-stiff-

ness relationship is nonlinear because it is dependent on the square

17



root of radial deflection. In this respect, a ball bearing is

unlike a simple spring for which deflection is linear with respect

to load.

By substituting for 6 in Fquations (37) and (38), bearing stiffness
x

can be expressed in terms of load as:

Angular Contact Bearings

K1 2/ 3.247 x 10 4 F 1/3 (39)dl/3 n2/3 co 5/3 8 x
d n Cos a

Self-Aligning Bearings

K
1/3 2 / = 2.028 x 104 F 1/3 (40)

d /3 n2/3 cos 5/38 x

These expressions are plotted in Figure 6.

2.6 Bearings Under Thrust Load

Thrust ball bearings subjected to a centric thrust load have the load

distributed equally among the rolling elements. Hence,

F
F=- (41)

n sinB

In Equation (41), 8 is the contact angle which occurs in the loaded bearing.

For thrust ball bearings whose contact angles are nominally less than 90

degrees, the contact angle in the loaded bearing is greater than the initial

contact angle 8' which occurs in the unloaded bearing.

In the absence of centrifugal loading, the contact angles at inner and

outer raceways are Identical; however, they are greater than those in the

unloaded condition. In the unloaded condition, contact angle is defined by

PD
cosa' 1 2Bd (42)

18



in which PD is the mounted diametral clearance. A thrust load, Fz, applied

to the inner ring as shown by Figure 7 causes an axial deflection 6 . Thisz

axial deflection is a component of a normal deflection along the line of

contact such that from Figure 7

B M cos ' (43)cos8

3/2
Since P - KA

= 3 cosa' 3/2
K(Bd)3 "cs i) (44)

Substitution of Equation (41) into Equation (44) yields

Fz_ ,8 3/2
Ssin8 ( Cos - 1) (45)

nK(Bd)
3 / 2  Cosa

Since K is a futction of the final contact angle, 8, Equation (45) must be

solved by trial and error to yield an exact solution for 8. Jones (7) has

defined an axial deflection constant K as follows:
z

K =B (46)
z g(+.y) + g(-y)

d cos S
in which y = E and g(+y) refers to the inner raceway and g(-I) refers

to the outer raceway. Jones further indicates that the sum of g(+y) and

g(-y) remains virtually constant for all contact angles being dependent only

on total curvature B. The axial deflection constant K is related to K as
z

follows:

Kd1/2Kd

K z (47)
B3 / 2

Hence:

F , O 3/2F = sin6 ( z- - 1) (48)

nd 2 K cosr
z

Taking K from Reference 7, Equation (48) may be solved numerically by the
z
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Newton-Raphson method.

The axial deflection . corresponding toAmav also be determined from Figure

7 as follows:

s = (Bd + A) sing - Bd sinB' (49)

z

Substituting A from Equation (43) yields

= Bd sin (E-6') (50)
z cosa

2.6.1 Approximation to Axial Stiffness

From examination of Figure 7, the following approximation can be made:

A - 6 sira (51)
z

Substituting for A in Equation (16) gives

2/3

6 - " (52)
z 2/3

K sinr3

Using the Jones (7) axial deflection parameter, Equation (52) becomes

p2/3
P

5B max (53)
z K 2/3d 1/3 (53)dsinl3

z

A similar approximation was arrived at by Palmgren (6). Suggested

values for axial deflection under pure axial load are:

Angular-Contact Bearings

P 2 / 3

5 = 1.58 x 10-5 max (54)
z d1/3slna

Self-Aligning Ball Bearings

p2/3
-5 max

6 = 2.53 x 10-5 ./ (55)
z 1/3

u sini 2
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Thrust Ball Bearings

p 2/3

.9x10max (56)
z d 13sinl3

The corresponding stiffnesses are:

Angular-Contact Bearings

K
zz 4 1/3 (57)

d1/3n2/3 sin5/3 B z (57F

Self-Aligning Ball Bearings

KSzz 5.9 x 104 FI/3 
(58)

d /3 n2/3 sin 5/38 z

Thrust Ball Bearings

Kzz 7.9 x 104 F1/3 (59)
d1/3 n2/3 sn5/3 A z

These relationships are plotted in Figure 8 'or the three types of

bearings.

2.7 Ball Bearings Under Combined Loading

Except for ball bearings under simple radial or thrust load, treated

previously, there are very few solutions for bearing stiffness that can

be evaluated by simple hand computation.

When a ball bearing operates at high speed, the body forces resulting from

the ball's motion become significant and must be considered In any analysis.

Figure 9 shows the forces and noments acting on the j ball in a high-speed

ball bearinp. The operating contact angle at the outer contact is less than

that on the inner because of the body forces. Subscript 1 refers to an

outer contact and subscript 2 to an inner.
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In Figure 10 the ball center is fixed in the plane of the paper The ball

rotates with the angular velocity wB directed at the angle a. race

rotates about the bearing axis with the angular velocity w i ,2 relative

to the retainer. For the linear velocity of race and ball to be equal at a

contact, the following relation must be satisfied:

CiE'(l + CiYi)wi
WB dcos(SiCa) (60)

where C 1 and C2 = -1

dcosSi
Yi E' (61)

For the ith race to be stationary, the ball must orbit with the angular

velocity such that

= - (62)

E Ii

With stationary outer race and rotating inner, the actual angular velocity of the

inner race is

Q2 = •2 + lE 2 1 (63)

For rotating outer and stationary inner, the actual angular velocity of the

outer is

W '!i 2 (64)

From Equation (60),

W (l-y 2 )cos (B1 -a)

L2 (l+yl)COs( 2 _01) (65)

considering that both races may rotate there results:

(2Q-Q2) (l-Y )cos (la)
i = 1 (2- +l-2 ) (66)
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( (Q1-2)((l+yl)COS (2-a)
•2 - (1+y 1 )cos(a 2_a)+(l_Y2 )cos(S 1 l_)

E' { (,l- 2) (l+y 1 ) (l-y 2 ) (

•B =d((l+d y l)cos(S 2-a)+(l-Y 2 )cos(8 1 -Ba))

Ql(l+y1 )COS(B 2 -a)+I22 (l-y 2 )cos(B 1 -a)

4. E " (1+y 1 )cosO(2 -a)+(l-y 2 )cos (8 1 -a) (69)

For an arbitrary choice of a there will be a spin of the ball relative to a

race about the normal at the center of the contact area. This is illustra-

ted in Figure 11.

From Figure 10,

C•s {-= - sinS + WBsin(6 -,a) (70)

si i i B B

The controlling race hypothesis assumes that all spin occurs at one contact

while no spin occurs at the other. The contact at which no spin exists is
called the controlling race. Lightly-loaded bearings may depart somewhat

from this situation.

If wsi is made zero and Equation (70) solved for a, there results for

outer race control:

S= tan- 1  cosl+11 (71)

and for inner race control:

a = tan- 1  
2 c 2  (72)

cos a2I

"The existence of a particular type of control depends on the relative torques

required to produce spin at the two contacts.

The torque required to produce spin is:

•5i
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3wP a E(c) (73)

Q = spin torque, lb-in

P = contact load, lbs.

W = coefficient of sliding friction

a = semi-major axis of pressure ellipse, in.

E(E) - complete elliptic integral of the second kind
formed with the modulus sinE where COsE b/a,
b being the semi-minor axis of the ellipse

Figure 12 shows a ball acted on by the spin torque vectors QI and Q2 " Outer

race control will exist if Q, projected on 02 is greater than Q2 " Inner

race control will exist if Q2 projected on Q is greater than Q1 "

Figure 13 shows the relative positions of ball and race curvature centers

before and after the application of the five displacements, 6x' 6 y, 6z9

xand 9 . The outer race curvature center is fixed. The inner race

curvature center has moved to (AI,A 2 ) and the ball center to (XI,X 2 ).

A, = Bdsiný + A + A" + R[(G + 9") sinO + (0 + 9")cosz] (74)
7 z yx v

A - BdcosB + (6 + 5") cos€ + (6 + 6") sine -D (75)2 x x y7 y2

B = f 1 f2 - 1 (76)

R = E/2 + (f 2 - .5) dcos3 (77)

PD = diametral clearance, in.

6" - initial displacement along x, in.
x

6" -initial displacement along y, in.y
6" - initial displacement along z, in.

z
9" - initial misalignment about x, rad.

x
9" = initial misalignment about y, rad.

y

For the forces and moments acting on the ball to be in equilibrium, the

following must be satisfied:

2M
1 n P2sin62  Xcos 1 -(l-k)cos8 2 ) 0 (78)
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PlcoSB1 - P2 cosB2 + 2M- {XsinB1-(1-,)sin8 2 } - F 0 (79)

where X is 1 for outer race control and 0 for inner race control and

F M n E /2 (80)

M I P•QE W B sina (31)

E' -Operating Pitch Diameter, in.

SE+ 2X2 - (f- .5)dcos$ (82)

From Figure 13

-1 xl
tan -(33)

a2 _t Xa (84)

A and A 2 are the elastic approaches of ball and raceways at the contacts

2 2 1/2
2  {(AI ) + (A 2  ) - (f 2 -.5)d > 0 (86)

The contact loads are related to the elastic approaches through

P, = K a3/2 (37)
i ii

where 1/2

K - 11. 84771 E(E i)d1
i ( R + nB)cCOsi L 3 {4 1/f 2CiYI (88)

(i) {-I/i l+Ctvti

nR 4ER (89)
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nB - )B 
(90)

B ~E B

ER and EB are moduli of elasticity for race and ball.

VR and vB are Poisson's Ratios for race and ball.

K(c) and E(c) are the complete elliptic integrals of the first and second
kind having the modulus sine.

b bi2

sine. = 1----- (91)

bi and a are the semi-minor and semi-major axes of the pressure ellipse

E is related to the contact geometry through

2 (l-cos-ti)E(E) (92)
cost i= (93)

I 2Ciy .

fi l+CiYiCos-, 1 2C i Y (93)

4 Ti l-+C i 

I

Equations (78) and (79) are a set of nonlinear, simultaneous equations. When

the relative ring displacements are held constant, the variables in Equations

(78) and (79) are X and X2 . These are evaluated numerically.

The reactions of the bearing on the shaft are

n 2(l-Xi )Mg (

FV n i g n Csi*.)

y =1 [P 2 cos82  + d 2 (94)

n 2(1-X i )M 9.1
F; = (P [2 Cosa 2 + - d siS1) sl~ (95)

S2(1-N.)M 
g

S [P 2 sin82  d sB (96)F' =i=l i i --- (6

34
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n 2 (l-X i)Mg

x iI[RP 2 sin82  , d (RcosB 2  - f 2 d)]sini (97)
si

M n 2 (l-Xi)M g,

y = [RP 2 sinB2 - d (RcosB 2 - 2 d)]cosO (98)

Then the equilibrium of external forces

{F' + F,} = 0 (99)
i-x,y,z

F = external load along x, lbs.
x

F - external load along y, lbs.
y

Fz = external load along z, lbs.

Equation (99) is a set of three non-linear simultaneous equations in which

the variables are 6x, 6y and 6z. They are solved numerically in Appendix A

using Newton-Raphson iteration.

If 6. are current estimates of the three displacements, improved estimates
1 Ma1

are

• 1  - [KJ][I1 (100)m m-1 _ m-

where[F1 are the residues of Equation (99) evaluated at current estimates of

6.C* -I

The elements Kij of the coefficient matrix are the partial derivatives of the

bearing's reactions with respect to the displacements 61 and comprise the

stiffness matrix, Equation (13).

The elements K of the stiffness matrix, Equation (13), form the data input

for the rotordynamic response computer program described in Reference 2.
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SECTION III

APPLICATION OF COMPUTER PROGRAM

The analysis of Section 2.0 has been programmed in Fortran IV for a

digital computer and is suitable for use on the CDC 6600. A program list-

ing is presented in Appendix A.
Fl

3.1 Input Format

Instructions for preparation of the input cards are included as comment

cards in the program listing in Appendix A. To illustrate a typical case

consider the bearing in Table 1.

TABLE 1

SAMPLE CASE

DEEP GROOVE BALL BEARING

Number of Balls = 9

Ball Diameter .1875 inches

Pitch Diameter .9252 iLlches

Contact Angle 0 0

Outer-race Curvature = .530

Inner-race Curvature = .516

Poisson's Ratio = .25

6Modulus of Elasticity = 29 x 10 lb/in.
3

Ball Density = 0.283 lb/in.

RPM of Inner Race = 1000 rpm

RPM of Outer Race = 0 rpm

Radial Load 1000 lbs.

Axial Load 0 lbs.

Figure 14 shows a printout of input for this case.
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3.2 Output Format

Figure 15 shows the output format for the sample case of Table 1. The

output data includes the internal load distribution and various other

stress and dynamic parameters.

The last section of data provides the complete stiffness matrix.
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SECTION IV

DESIGN DATA

Three separate sets of design charts were included in the original Part IV

report. These were:

a. Pure Radial Lo; od Bearings (Deep Groove) Contact Angle
1 - 0°

b. Pure Thrust Loaded Bearings (Deep Groove) Contact Angle
8' =00

c. Angular Contact Bearings with Axial Preload and Applied

Radial Load 8' - 250, 150

As a check of these design charts shows some differences between the

original program prediction and the present program prediction, the design

charts have been recalculated and are shown in Appendices B. C, and D.

Table 2 describes the dimensions and symbols used for the deep-grooved

ball bearings. Table 3 contains information pertaining to the angular

contact bearings. These bearings are identical to those studied previously

in Reference 1.

4.1 Radial Stiffness Versus Radial Load

The first set of three charts (Appendix B) contains graphs of radial

stiffness versus radial load. Load levels are indicated on thp curves.

The effects of bearing size and race curvatures are illustrated by these

four charts. In general, a bearing with curvatures of f .530

f2 n .516 is stiffer than the same bearing operating with curvatures of

f1 n f2 a .570, for the same radial load. Radial stiffness is higher

for a bearing with a larger bore diameter and/or a greater number of balls.

Note, for pure radial load, the linear relationship between log K and
yY

log F . This was previously illustrated ir Figure 6.
Y
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4,2 Axial Stiffness Versus Thrust Load

The second set of eight charts (Appendix C) contains graphs of axial stiff-

ness and axial deflection versus axial thrust applied load. Load levels

are tabulated in Table 4 for bearings undergoing a pure thrust load.

A similar observation as given above for radially loaded bearings, can be

made for the thrust loaded bearing, i.e., a bearing operating with curva-

tures of f1 M .530, f .516, is stiffer than the same bearing operating

with curvatures of f- f 2 - .570 for the same axial load. For all

practical purposes, however, an average curve may be drawn for axial stiff-
ness versus axial load for all bearing sizes. In practicular, the bearing

with the smaller bore and less balls is less stiff at light loads and more

stiff at heavy loads as compared to the larger bore bearing. There is an

approximate linear relationship between log Y and log F (also see

Figure 8).

4.3 Radial Stiffness Versus Radial Load with Preload

The third set of (24) charts (Appendix D) contain graphs of radial stiffness

versus radial load with preload. Load levels are indicated on the curves. The

effects of bearing size, race curvatures, initial contact angle. and axial

preload are illustrated by these 24 charts. For the same radial load and

axial preload, a bearing operating with curvatures of fl M .530. f 2 0.516.

is stiffer than the same bearing operating with curvatures of fl W f2 w

.570. The radial stiffness level is higher for a bearing with a larger

bore diameter and/or a greater number of balls, and the smaller initial

contact angle, W - 15°). In general, the radial stiffness vs. radial load

curve for an angular contact bearing is composed of three different behav-

ing regions. One region shows the stiffness to be constant with varying

radial load. (This is the light radial load region.) The middle, or

moderate radial load region shows a minimum value for radial stiffness.

The heavily radial loaded region shows a linear relationship between log

K and log F . This third region is similar in behavior to that of thexx

characteristics of a pure radial loaded deep grooved bearing. The basic

cause for this curve having three separate regions is due to the axial

preload. In region one, the axial preload has a great effect in holding

the radial stiffness constant. In region two, where the applied radial
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TABLE 4

AXIAL LOADED DEEP GROOVE BEARINGS

Table of approximate load values corresponding to C/P - 5 and C/P - 10 load levels.

Bearing Symbol Load (lb)
C/P - 5 C/P 10

Al 290 100,F

Bl 600 250

Cl 1100 450

DI 2250 950

El 3650 1500

A2 70 30

B2 175 75

C2 300 100

D2 550 250

E2 950 350

AA1 380 155

BB1 800 300

CC1 1550 650

DD1 3000 1250

EEl 5050 2100

AA2 95 50

BB2 200 100

CC2 400 200

DD2 1500 350

EE2 2550 700
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load becomes equal in magnitude to the axial preload the radial stiff-

ness tends to decrease with increasing applied radial load to a minimum

value. In the third region, the axial preload has little or no effect.

and the angular contact bearing reflects the behavior of a pure radially

loaded bearing i.e., a linear log K versus log F relationship.

Thus another point one is led to observe is the role of axial preload

magnitude on the three regions of a typical stiffness versus load curve.

Three different preloads are represented in these charts and are tabulated

in Table 3. These preloads are given the names selected light. moderate,

and preferred heavy. The effect of increased preload is to increase the

region one load range and decrease region three load range. Thus. the

ultimate is a constant radial stiffness with varying radial load obtained

with an infinite preload. The increased preload also has the effect of

increasing the level of stiifness in regions one and two. However, it

should be noted particularly that the level of stiffness in region three,

for the same radial load. is the same for all preload values. This, as

mentioned above, is because the axial preload effect is relieved entirely

above a certain (radial load) (axial preload) ratio. (Approximately F I
x

F - 3 for 8' - 250 and Fx/Fz = 4 for 5' - 150.)

In general, the light and extra light deep grooved ball bearings examined

here will have a radidl stiffness ranging from 105 to 2 x 106 for radial

loads of from 10 to 2,000 lbs. The angular contacL bearings will have

radial. stiffness values from 2 x ]05 to 2 x 106 for radial loads of from

10 to 2,000 lbs. The deep grooved ball bearings will have an axial stiff-

ness per bearing of from 2 x 104 to 4 x 106 for thrust loads of from 10 to

104 lbs. As in the case of the preloaded radial bearing, preloading will

increase these values of axial stiffness.
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APPENDIX A

COMPUTER PROGRAM FOR CALCULATING THE

STIFFNESS MATRIX OF A BALL BEARING

47



THIS PAGEis ES? 3~qUALITf MMLC4IXA1&
FrAD OOPX YJIALSMI TO DDQ

0 '-.1 0 Ln X w

o -w 0 V) A~ DD 4 6-00 X

-Jq -;; IQ - L LA, IJ * "
IV-. CL'mu 4 ex 0A If TZZ t X-Lnf)0 0
ý-Z a:~ 't 0ý zD D WJj 4- .= Ni <~~z 1) =I-- !o- ..

00L 44c0 C: 'Plii.'
LA.~ -1 x4 4t x Ej _3j 4

-aIJ.0L 4 3. 0.*xfl4).'-ND-t< 4i
Z UJLLI*J e£ x I

ýl y cu Li.. Cr QIfrC, T
Z722LLU z 2 cs - ý Le C- ca c Z22t-1I C

V= zx C. <4 v -a 0ZC a.... 0C cc -- lc>
'-0 =4 _4 _4 0.. L L 2.zG 0- 1 1 K>- 1

- ~44-0 io %a 3 Z.-. I I 4'-Z < -N 0)
MN'J(~ ULA'Z *( 7 Z LLI. O C- Z-I ZL)'
LrtuLCjdxW4juZ (.LL IL. Ze-' a-e .. cZ 000= ~ DOD 00

*-: *-I-- u._JO Z'- i-ICWOtJ0 ZZZZOO-zz 41 0
"*-7- <I--. I.- 4--oD Lf f~ '-r .- I -.- tc'cCr r, c

LF" t 0..JUI-- (r V* *(Lr 71 aP 4L. 0 -j_
U..f~J c w-< ~ L Li 4i 4i1u: c C-C 0 Cfc I j-,

U~- L- = ;ý LLI- 2 -.j U- L* i- C a CIL CC I
M -(A * 2- 1-4 s--$ Z W. VlfxZ 4< L.WWCL.LLs.2.zZ -' C..

0.Q-W'-MLj. Wa 0 4c x0 0 cn LL =o0-' 2.2 72000 x
00 x l-4= -~Z - V) AL) i.D'.3 7 Z Z~."LL - -' - LI 0

s-- *=-.. i--4 IZ x tLAX x A v Z -4"-qr- J" -I-5- *JJ
VC7C~b4 ZI Luw U 40c c 0 *0 .'0" 1-- u4L U t C' 4

0~44f0Lwo 3r .'* ZI- Z ..JL. LL. LL.K s.-.- -4. M ULLL LL LL LL L-LL L- C,
L LL LL LCI-Z e C>- = = < c.. v *0 c. CQ*.C.ý .;
-Ui NU.4-4.LiJujaJ .2 0CL0 :a> i >- - >- Jul 0 z~ LLL.L -

M.LJ 4i 4i> 4L 7' I- I- LL..-' LAA' I- 41-<- #--A.LL LjL L
ZofrmXn.i--O- 4 I~ =- L -X 0- P- "a'l-. 27 7z2 07..;_r-CL.. Li wV

ZP4:D='-4U0zzl- <m 0 0 0oo u L)~Q UWsLJ4JJUW u 00
-4 00-I- Z4JW<"- ;£0 u oL LL '- '-4 .3zEXZ -.3Dr)- vl u0l0 ~IM

I ZL -,<, V "L. i l* CC- I- C-c~r L2 L LL I ýi ii
0I 1 1 >»4J0LaI-o U:) <0 Cd 00U0 VI UIf §40-'-s0 0CQ00 "-'-~ 0L

M4 CQO, iUQ- WL~2.0- U -~ '-4z < I uA 0: = ;;L< - 4 4c _I-z LZ
4W ~ L t J 4 c . I- I - %-IC'4.0 1 'J, 4: 4j .- 44 4" <_ j 4z:rl

e- l-'- < I-,z U. LL C.U.. >-s.i U.P c:.~c. 1

Jx-"ZWUj- J Ci ZQI LLC LL O"U. ýrj~-. - := -j -,

LL ' - iJ-J JLJ WU J - <P-o' n A 0 -40J -1 14 3O0.>. ~j 'iJ x 7:
04'-' e4w<.-'I UWL <_41-. - 7 C*c 0'-Q0L. e- rcý

'l-40 rI-m31-0Z>'-i0CD Z Z ZOVIV)VV 14140. W 0 j 0. (L> - - J -- J -J JUJ L -J

I a- I-L. Owu il- ',--IL iZ -1> A p V 7)-. n 11C I.- - I.- LC -'- C-V~-
Wu4l-jI-zl- <0 OUJZ-j LLL0 44 ~~4---- i

CD

A00 j.1 C) ýo Cý0 LDC .QI *)4. A') D i- -j -: ).r 0 Jlý a..- N) '
c...46fil~l sC rý 1 I II 1 1 I 9 1 1 1I 1-411 1

z i -4Ji).tflo -~-4.4 -4 ~j' I :r O0 - -4 -4:\l n 1. .1) 7-4 '1 .

L

484



MIS YAIIS BIDS QUALI1TY 73102UA44
ThWM Copy "M~ISM~ TO DDO ~

ft - n -. - t

--) '* -3 -- Vý

0- C

r. I.- \c C . -rD-

W~ -(\ -=uZc -

L. Z, \L

L' .. C' 4 C P

~L f a: N~ IxJ& 0. & (L crO ~--W -
<c < C --- L- Lt- - -- ý0

LA -, -j c

- 4cA -j .J C X C\.J 4 .

Z- L I* - LA. - Ll. *- Cr- C.v w . -
C- L- C*.L '.-

LV. :- :.~ C..> <L - ft C.LC .-4- ).' Z t ---.... & '-Q --

_2. q< :n -. C UN- a.--a.u1C

Ur; LU UUULJUUUUU

C. ýý - L.) < -wC
-j CZ ~ j 49



THIS PiaG IS BEST QUALITY PRAC~TVJJ
1mm owX xwa~sHM TO DDQ ..-

z

W
0

z Li

C -Y
a1-d

u
a D

NY c

C*4 x 45,

M z \

a a CL

Mll L\I4 w Z 0C

IX 0w,- CD W4 f
Q..l CL-~ LA0 V). a 0

aLfl 0" -r 1- 4\J.. " a 0 a a C%D

Co ' -. I' ' eb I ft N, c--

I I If-.~ W4(1 O * 01 tooc-4x .4,LL* *%Of. LALA 2' 11 U') L0
a aCD.4 fný.4 &C\J11III +-ii -<IAC" 0-(\J a I rý- 0coZýNfr-a-\JLJ+ Ul

14C -4.4..4 a...i (.j t 3 1)~t I--1 + I C.-4 .. ~3J~'Z*jJ
a ' 'L,- I I ILOI- -L~U -)ItCX-" -tUi(.* *-?--I1C-0CI-b*

-4 -4 m<C -amZ O.-< Li C.4 -n " WoC.c -I I Ou ~~OCC CIIII ýG I I I I I I I I T 0--C:: "LC'CC-

C' C'CC40'L,.-Z.-4MLL 30.'-'C- '- -'CU 3-4

cc C. W, c. cc CLr c CD N .- fJ) :t

50



PYS AS Js BaS? QUALITYL
mmO1 COPY ytuWAtS1H T DO....

l'-4i Z U' Z.

T Ln

a.s- qi . .

<- : E- -*- I 4 y - f 0 =

U' L-ICr c m -1 -j

zz m C L.~ cL
<- I' cO ý LL

LflAJOO% _- _j J010Ifm

0-L.-j I.-M _ aj CC ' 0 /IC N~ h~ CI- m~ 4 J U4I vC

0 - -a 4 L I_ U L .j -- 4TL~ A (" OLA- C L C .C

-4QC, Z C.7 C3LCL -L3 L.- C c I-- C Q C~

W W WIiK, I. - *a.Cr -0 . _ I.-

-4---4 \'J N J Q O N N N aNo L1 M p

u LJ Z1



MIS PAGE IS BMT QUALITY ?UCZTVAM
FaoU OWfl FL.MISH TO DDO

ckI-
LL~~ -WI

N. -r ri U f

>I,- )( Sc'.

v C. I~~. - .I-c

ol. -.. 121 C-. LA c) lfbJ -C - z )1c L

+, .- 0 1-4r ftLA LA >1-a u-tn
L: LI* ra - LL L, 1~ r-- C% * c c ; -(_C

I,- 6- r. - x- -C C- tcU- ' - I I. c i, I i,.

12 Qa Ca II <a +-. a-4' I -'' OL : L 4 -- I10 C',_I

I - C.)* * .a r jr.: . @. CI,

*.. *~ 1- 11 .11 til feC 0- 0C. _J- 1V1)tIf 0I605 - -. uL0
y '-L C -D C- C. J-) -<I'- C.~* _j~C-q

_4 ~' p.- -4 CN.'.I pr--s L,--r I I LL re.< ,, y _j giu %C Lp.r Lu n C y-c I I C- Y xI I N , ~>r , C II I iaC, C.c C If.aiv~
-Z.4.J4--¶- Ce -f 'el 'I'T~Jt~- it -4 %-- x ::J -- t

o ý LC L C L ' 9Cr O00.--L(: -§--

52



1313 PAOR IS BBST QUALMT Ft=-~f~A~
ft*bJ cokry FLTAI1sk TO DDQ ..

ui LiJI

-J r

9' C) 'd h

L; z f' c

CE Z C

ti', I' .. -

Ni-LAI C. *

>-- 00_ >-~ 00 :1 (L

94 OLJ U')I( U L\.L Lfl) LC. I a~u

*')'o 00 N). _D 0 0-

.>.- ) >t~-C" W.1' y' -) -r LL Cr

*n* -c Z7 f): 7i

-1 U)~ -ý el l() -. L 2. +TC U .

:7 FO'eL n n 0 Cic U-Z_ 1:

-J -Ml0~.J C; >-OO.J. LLA.. -dI 0- I jfI- -

'~~~~~LL~~~ *>-,~ I-LA *>.'-- I--- ~
(f, N '( \)L L -C L~AL~I10 ru i i -1 lLjj
LL-~,.LCDl3i'~ .I ~LS "Z C*

VLL~~~i i- =- ~~~~.L~~---',Lt U.. s -' -- '% -

~ )). .I I.-~ C (> L* IIlI\F3OC ft r- f:t±, CU .d J . b 4L: fr .LA. Ni )L~

_ULC L.--LL - LiLC L,,Li Li 4( L C .'C (AL <CL < LA.L C C L

cruw _ -r.A C 7.. C. C- C ~ LJ. C'

53



221S AU IS BWS7 QUALITY PI!MOADAB&
IMu QQRX Y.HIISM 1r DDQ ..

u- t)) -j J12-4 Cl- 0 Qr 0
u ~ 04..-..

LL *x> 77 0_

LL Li -1 1 _
-C7

0 -1 0- -t

*-' I )L _j .j.- L'

7C >61- --2: C--C I

4 ~ ~ ^4' 1 \ L C
0 I-J'JI ).4 C) a- ct o *V
N-~' Mi 4-q- - I!, N A

$ .O-4 0 -ý\ -3 r- LCul 0 q 5
V- 44 1V Z1 -r r c\J C,14,u 1 b

Iý- i-- 071 -t zC -. 1 .1r x X %-,. )-

U- za Z1 Z5 U, C -. C - A C. Li
>ui CC. - - - _j c 4

-) -C L- It. Cý 4 L.-
0A = >( -t ZLaJ -,- -4

-I~ 0Lj!aO a)M - . P-il- z '-4 -

A-O *I.I-X If =)'b- 4 La. t. N '
-. cI _ 10) -0 m 0c C.
-)- - + L.' U., I-C cc>

2b 0-- c* a MCrc -, -. F -I - i

-0 cztQ. X, x UJ 1-o-4 W4 Za . .~.l

() Lizi I.- LL a:.- > 4,9 .'

S 29 I2 - N C, ->- V-4 N">1 .- )
Z Z- ftN- u Li. L- m. nf LLU.
< .-X 1~~)-1 xAa9- 4 40 _4 .

0.- Li Ix C & ''- '. i > c'l.
o *L: ft -L.- -Xc' 00 07 --- -

a, -. L s- X'e. 6Q-o> eLL, rc.- IC4 c- >>

--.4 44< c 0 -'0-- .', -4 't. 1') 7 ^j~
O Ln AI(~Li 4m> LL'IX C a 0.-Co0-' =,%a- W -4-L " N, -'*
t.5O%"-c'- cc 1-11-- CD 3 a,~- i <x4> - CJN-' I-- x I.N >- 9

-CMZ m 9 - 0< I I>-X Nc C U.-- M~ LA. - t . -

N ~ *N 4~L-. CC)z N , LIc W c C,- 40-"-4 C. <4- > L >
T p .- C, * M< --- C-I " )(7 C.' + L - 0. -I

Ljr .'4'W. 0 0 k -- z 0~C ---21 L -LA * C-L,

L C-U .'QCL &P-LCLL %0(e) CL Z=0 --. ZCL U.v %DO C' L

.- 4C'~ll.JQ444LZ Q- -. ',4i -'0 - -

54 -



MIS~ PAGS 16nS QUALITI FACTflLeha~
FR~OM OOPY TFIUS~iE TO DQ .

NJ!: N

-0--X

0 & .!: !0 -a.:_ -- c
-4 Lo NJ Z-AJ -:) ;.)a.

LL > * aX
r - r 1- f ]2a- t`

c ~ ~ ~ ~ c c &VA J.N2 - a

- C3 & a &N 0- J!

r.~i M- e-v &C a- + -. J---
CL &-CC <CVc cvaNO� o. --

*C a- I.(- V-c.
-. - )- Q ~( -(Of--4'.

* '~~\J~'t- x -4n

N .: 0,4: N N L Q-Z -ILA %

N cyt>%.'

F- - X &-'njrr 1- > I rX.~ i -C

-0 .-)I CD v ~ - -
> . \L -- a--cLrQ *j-. -4

T & -N a C54J '~

L - L 01, -- I -..

a) L)J .. N- >'M .~ .j -0.CJ --- J¾ LL 0.
N.:7 x -~ < X X. LL C~L -- C - -

%% NI NJ -e 73-, = aC V 1- 0+.1
7 ..- , -' & .a-4 -' C) +d ý W) .)

> L~ . c > _I _c (N.L --- - L )(-4
4- %r - C\. C.-U L C- CL- X-Cm.JLLL _ c c

> - (f) 7.> ~ -- o-, OU =0

--. ^ r L, . . h c-, C-w - .:y , - .a -d

Nr- r- NN *r Z " & a . &;j- -osN &C 11111 U)
a wt'- ) &. - -U) & a- 04 ) -N - 0 +< o La

LLML:E V -' ft 0 10
<. L L - Z L. r Ls_ J C Cý \C &CL ~ NC 7.L 27 -.4M 11IC.- 1V l VD 11

tOF tI _ . I. £. 4'. .ý0 QQ. . 0 . .N *43L\AIIa,-)C I ý_c
-.--- - - --- Y ft a'-' L) U7oc ol 1-1 c - . Lii

7~- . UIý -- C L crCLIMOC-j X -)CC -s

a~ ~ ~ 0CtO !O TC ~C.AZ~--L,-'- ll~l ~ ~ - ~ & I
*~~~~~~~~~~~~~~~ c.. cL L l ~ *--U-V -- ~ * ~ 0 LO

- Z '¾~ ~- *~3.~ ~ ~ ~ J'*.J' -- J) flA-J)P N-% Fr el-t

~ %4.. - ~ -- 'oC~fl-lL4OU~ & *'XOIlP...55o



[ S IMIS PAUE IS BM QUALITY PRAWfleAVA

CV %C-

c

C\

c'J Ne -* *-.

-y

-Y QD > \', N(

I *ix*+-J /

*n\~ * & U -4 '-+ IN).-.-

%,.O ) 4~-.4-- 49 t-*+- ' N 4 - 'C. I'C LAJ 'ý

+' . -4t4-4.-43 WJ-40 ** +.-- O .- J C4J C
N* '0 =<Z>~o *4 o-zi--o X -ci 0-IO.-&-)< * 4 C\. C\. izuiii

()rO--- *C I >' -.- 0 l'- + j iJ..'J-- * ý9 L~ r- C It c .+--0 -4> r~- C\ -.

oo0 0 0 04-u) 00 0 0 IOZC I 4N 0 -
0 >~ CA. 0 0 - C N If Ir (aý 0I.

* L1..O ~ ~ .-- 4 -44ý -Z -4 -LN -J 4 ' -4-4 NN C

2-<1.1. .4- 0 .* *1 11 * - * .. . *

56



IBIS P4~s IS BEST Q'UALMT PP=I(PZVM
F1rM C6PY P'L1OISHE TO DDO -

(/o ID

Ai

;f I
*~ ( *LiJ

L 1 -. 1 0

LI y

*Li:.t y C\ - C
C. > N 7- -(1 L 0. )K L!

< -3 -,d )*Lj N. *.J (Jc I
u-- 0 U C, *> -.

c'J * '%iI.*L * *~ LL -2

be-c .(' Yi.CI~ C-~.-VL C-jC
C4*', NA cy~ fr - *UiL U ~~ * % ~

1 J L- 1 l~.-* -t u-) -L C*i. * fr4 L)

:C I -- ;! l' - A.Li L -J i ~ ' :---LffA L~ * 0 c-

I'J.P) y Cý AJ.- V +Q. C fL L t Li L

C ;- L!--: . J i ~ -II < 4\J --j**\J r*-- - 4

C -c~l i + -4c 7 -Lr II - -I-ifC u lIuo~c, c. r

(' .4~'~ -. : c C - - C;ýeJ -- ' ~ liN. II.- - Z CLiJC 9)- Cc t -. L 4 ' -iL-

) ( 1 f 4 JZ P -n i .,;P 
-

-,e-I l 
X I .-~O ~ . X J J 5

- C -- 4. -. J -4 _4 < a - - * * . - . .

C, I I-, I ý :57
C'- -4C" f L" C C\x..L L 0, 1 1 L~- yC\). C:C, J C

-- ** C.L~e-C-LL j



MIS PAGE W6 BW'T QUALMT MOM~I

+ + 4

-K-4.9 -1 NJ

ILL k -j- UV '

4b~ " * *_ n- i .;I

+ na.0 - I -n I-) -

o> e(>( I- > I -

Y V L. -1-

> ýi* , I * .- C- L

c - obaI -- L/ý X * >

-.- C *-'- n 4 V4 W *

-(D > L'O.. y -. LL
C, c- q r- . . - o-p--- \

* C'--- *. *- c.j +- K \;<
ck UV I ~ w +~ - -J -r L -

* * .. *-L-> L' 0> )K C\ VI- VC C

*C. bc ý; '-ZN +Li W
z : ~'). -_j - <x - - n

U- C *-~e- ~ >-(\I-. C'.'-4. _jC- .ý L,( CI

C\ L; c C'. N -)>9 >1 C L -C' -C' > .-- '\. j

-CL %*w c-u. - -4r4 1-44*-->~ C*.it.~ > -. L 2-

(x - *> U.- 7- uJ l Gj-'--OI- *w-=-r f ).c- 0C. -4 0
a.-. I +Lujj 0-i-'' a. 4* *-.~j~~ CY (- " -. I

: - .-- >a c'.:u Cr. -- *<c. I - i++ L C >' JA e ~ I -

L-.J. L'* C LJ'.. C\ I-4 L-8iu (\ C*i\i. L- >L**- ) - L;

(Cu~ >-6 % '(**(- '- :

It* * -4! *~ U%0 * C_ rCI~".A*C - CC"L

r- ' -4. ..L 4- - . -

lit1C 58-



p31 PGEISBw? QUPJJITy ?l?='
too)M PJkYRjiAI5I TO DIDQ~..

+ zz

-% -o 4)

* .P~-T

C, -4 V L

. ~> L l

w Lo-

C ~ 2~t C~j C .a

IA a- '. j* - :j 1 .0L&

> I +ýJ + - -

-Cl *nCD- W CJI , -- > = cI

N- NN Z- AdV +. C

0, C

L~j cj N~ c::.*-~

&v4 0 CA C%.%JJ N - ~ ft a C

-40d Itcc 4 C I > LW> _4 .

.4fr &~ ->c c I N*X C'4C\1*)(tCT . a1I .- tit C,

CD V3-05 cy CD o C-CbC C~Jl 0-4Q.'L Z - C

Nn) *C'Nm mN LA L) XO- M ** * - c-)- N N .'

n-' 4.- _C-)3 .0 A~U 1 I I-J- -3- 1- 1 A -

oD i")-4 Il of~e)4 4.' 00 -t C' C- QIIIII*~~ u','III1
cow ft4 zh~II OLA I - -N c 0, v~'4 01 0-dL*' 014

ZIIZ-40 -L)ZO--4 I C .- 4- * C'I IIACI iC a-

O.-iW<I---MI I a- Y IIUC'II X-C (\:.U~ ~) -J\
6-J 4:ý-* ý4-.ja1-4r- 4-* 11r-Il- 1 1 1 - 40-_j _j ic I4 -0 -' 11 :tl-' -4 X.

7,-4Mý-Z 0UInOMOII -%-~4 v4 -. 4 v.e-'I WLaJ<< <-.~~ 4 )>-
C C C'C;Clt,#)C_ CKCtCA IA C CL' LtALUC tUc L CLc,ýLL(.(c, r Lv'L Q c.#(CC\ CN CU.~ (-Q -- . 1.

0D0 0 0 00 0o0 0 00 000O 0

\0 r-( cc; a 0 \Cf,~- C aa - N
to "I fe) I _r 4.t4 J, It 44L n

59



MSIS PAG3 1BB6 QU.JIT?'1I
Y~M O MFsm TO DOg.uS

aO .4N (V~OO-N)

ON In:IJ

U, -- JW<a

C - C

A. B-)-L- C)( f --

IN IN Jr. cv .
'

C Cc%4~- ft C
+- +e~~~ X -% C(
-CQ..+t < -\CJ *- 4.

A- ý <-. ft f.J(\'C

x LTL'--L- >- C L0-0

+ --N1, -') %0U, C'CC'. L

+*. 14.EIA- - \J%- - a - 1-j * ) 0 B-* j ,--

-. -- W40xm * * V4-4.-~j: Q.30C :t -It

IL - - - A cF . -I+*ý->>--> --- -~ b' &1' -L :;-. CYY, .

- f nI +~-.. +C. -C O )ý C r.7* It aýo !Q-

< .-:~:,-' --- 1AO.~ .=-i0L C j a' I ~ **- 0
.- J~~~~~~ I*-e --- I)j~f I~.C ~ + + I- -' "-' -V:.

-. Ae * ICJ-411 ' IU L ) -if- 0)f<I II- - P- J A
~ 4-~Cf)* '+ ~~.'» ~ C~ ~i~:L~i-C.~~"-

V . ' -. ~f L.L 1. L. L t-C z tIk b pc f': C ¾.7 -- AC.~ .

' L XCy ))'> >~. L'U LL(C, rC C r- C. ( A)s-LZC -^-V . r.

60



MIS ?AG3 IS UV3S QUALITT cum~lW
rawG~ OGPX TLwII.uiK 2Q Imm

**~e~u~ ~ NN %JNNNNNNNNNNN'N

A **
u 0 -, N

0%. c~ (\I

0 ** 2

or e *

*.J*~ * 1

*)'(* 9+ -

C "'Cr -4C 1>

+Lcc-* Lr
or~ * + --4 %.0

C.jc 0'N

*O+CI L/J ><- -.

N W- 'll * I- :Dli

L CC (-' 1 a-
*LAC I,- w! *. & X-4L

-)ft I -. C

b+CC .- C CL r--r2 C . Li <, 4D

z z. 7-0 n<. m. <~' 4~ u'

bwN4 our'-"\ IJ = 4w1- C

C- L '#~ + 0 7- "4 ';~- .

V Lr J.4' 0 C\ L- If 1O 0.4 '4

Ii, L' - '7' 7', ~Z -', - - - Il..- 1

Z4 w v Tt- L)L': I-% I ZL%- 0- O 4 u 0

~~~~J-- I" I(~~ J-- It It :)-j il j I u.. .
tJ~7 k.^ ~ Id - *~ c .~ -L 'L. r. :ZC - -4'&* < -:. I . --C *'

Cý 11 :7. c -CL Ill." VIP. - Ie7 -ti -- --4 ' C c 1 L C

7YNL- X'c 0 J-'CC L~

' Ii.1- L C 7- LC .
2

L - C 'IL,. r.t -' L C : 1.

N\ tr'X .- ) f ~ C7) C.)CcC' C--4~ C4-4 el-~C

61



~ISPAGE 16 M4T ~ALT

-t %0%0-. r-r- e-r-r-r-

Cq W0

LCO

ue C-.-

a --

fI U- CC.Z

J ~ -7z- + cV

ZOO aODMZOL)3-w Z 11 c

JL.% J4L C *)'-

C-c. Oil 11 wU

p' _ji Y 4 'JJ- II - Tj ) D.ý )-- ý -)
NU)(-ý.r.C i2C - & 7 oMp "-

I r c' C' '.~N LC.
N C\%,JN ( JNvf, 'W) po ) ?- x 1: 1 K
C3 e- c zc:C C C.,3 71 ac-C- C-
p VLn IPif LU P Ii, LO LnO ON L~fL CNLA ) i

62



I

APPENDIX B

BEARING STIFFNESS DESIGN CHARTS

PURE RADIAL LOAD

63



0%

--- 1- cNp - _ __ __ ____

______ _ 0%J 0

ct

- ~ r-Co

- .- --- ~----- - _______ O

_ .1 t1 ~ ~ -___lC)

___ _ _ _ _ ____

_I_ ___ t- (D __ ___ 00

6'4



0

I N fI -4

AII

-4.

V11\1_ _ _ -.

-1 LA

NYJ

00

- - ~ ~ ~ (ll 7 _____PI IDIPVY - - g _____

65.



0 C) co

tvllC7 9suii IO:~



ApA

(D C) 3')O

_ _ _- 
_ 

_ _ _ _-M 

imi



APPENDIX C

BEARING STIFFNESS DESIGN CHARTS

PURE THRUST LOAD

6(9



..1 V I.

I" ' I' 1 l l" •

3,,_ i: ,1 1 fl Ztjz
-~- jEl,I I I I'

CI DI

__ _ _ 1' I H , i------ ct z--*---._____ _ i, .

3 - 4. t 4 - - .1 _-- B 1 '__ _ _ _ _ _

71I

1 4i'1

4--- 4

10 1 2 3 4 5 6 7869 1 2 3 4 5 6 789 10 3 2 3 4

Load (Lb.)

Fig. C<a Axial St111 , us AxiciI Lod,
N,, , ,d , ii

7 u



7-

_ _ - _ _ 
I

2 11 7
S I " 'I I I

6

15E2 •. ',

__o ___ - __________e "I i

t 8
D _I 2 '1-L' .

86 ___1g •i"" zt

2.i

10'
104 1 2 3 4 5 6 789 2 2 3 4 5

Load (Lb.) 10

Fig. C-2 Axial Stiff,.-is vrý;u-: Ax Ia Load,
No Radial Load

71



lit--

1 i- - -----

1 ,I I _

_ _ _ _ _ _AA 1

106 Iý5' 'EEIA 1, I .

4

3

10~

7

10

0 2.345679 10 22 3 4 56 769 20 3 4 5

Load (L b.) 1

F i g C-3 Axial St i i vvrtii Ax iA
No 1 ;I- -l a .II ,



10:

It 7

6 -I

I.4

441

37

- .A D



- ~ ~ ~•~= ~ - --

t

I!

APPENDIX D

BEARING STIFFNESS DESIGN CHARTS

ANGUIAR CONTACT BEARINGS WITH PRELOAD

- 25°

75



__~~ A-L __ _

Itr.

C.O

LO; WO r O W L Mci

ll'l 7 lfiMS101



F- -- ''-~- -~-~- ~ - ,-~~-~~--~ -~~i& OD

0~

-M-A

Ic.

cn -4

I-

-'J NL

~-iLA aa

0_ _ ___ _ IL co U

-. Ou

to
C~0

U')_ ODt o o f

___1q7 _____-- ~ i -o -___

~zz1__ ___ 77

___ __ K -m ('(.



____ ~It__ -I "A_

'-4)

-I- ~ ~ ~ ~ c t--------- o

_ _ _ _ _ 0

~- r-

_ _ Uj

OD~

IU 4I

I I -P

to ro CQ L IT r N L

IUl7 -JVi~i



0

___0 

--

Ar

I ft
I 

In

I 
-3

I cr

- -7

L-)1

iijj

(ui/q7) sseurjqjlS lo~lpno



- --- . ~- - - -~- -~ . ~ --

r - ~ -

a).

ANv

-a- (D

C3;~z~f{zIm -K-- f__
______~~r a,____ 7:-~'-I

i Ii

iIor,

I :11 -D
_ _ _ I I I _ _ _ _ _ _ I o

zizuzzzl _____ - j - t_ _ _ __ _ _

U) 4T ro N a.) t--I ( -[ 7toV
___q 7) I S &ii 10.___



- -~ - -~ A

00

0 0

in~~O N a0I- 0 1,I
0 -

7) SONJIIS 11PA



LC

r1~~ --1-- ----------- -i

I ' Ij

Co.

___l 712. ssrpS.11 - _



-___ -T

I CID

T T- - -- 4-c

___- 
-----

_____L -*

__ _L._ 
_ __ _

I I ~C. i

CL~

I,, I -J

I I

c p

- I r~ tc,

<0

V~C _____ t-

L-..~.- -A_____
I SC

____I ~ ~ -4JJ ffi
OD

LO 0I n CjL)O - ( q '

(u//q7) SSUUJiS /I5 OPDA



-l --
Mi~ _

_ _ _ _ I 
_

- - T ~- u*

iii - - -

II I I Io

C-) ___I______
-4-~J- I-(D

Vo cl D MLI .2-v
011 7 SS IV. iS I V- a



C~Ii

C"j

0-I

I Ilk_

-, o
__ I

CDI

~oiH

OD;

U-) -) c) t (D c) r U-

(V11q) SS~fi~iS IDIP



WAtOD
0-i LO

C-)3

- - --cc

-4 4 4
--------.--

I .

C~j-y)CO 0 i ) IC Kl

__________q7 SS.- 4---- S- 10-.1 _________



C~j I _ _ _ _

L i
C L, 

I 0c

U) L

~- ri

-
- .

- W4 2

R- 
7



APPENDIX E

BEARING STIFFNESS DESIGN CHARTS

ANGULAR CONTACT BEARING WITH PRE-1,0AD

89



LL

-~~~~~c6 CID- _ _ _ __ _

-~ ------------- to

L a J - I C c I .

HCI

c-i K0- o - o *

9 0~



0I
C14I

a-4

___-- t

0~(NJ

000-

tn-

____ ___ _ _ _ _ _ _

CL (D

CY CD_ I, W_ LO_ _ j
011177 ISSP(

91l



1-F _4*,f,----'-F-

w ji L

-u - -

m cc

Ilk

I0 0

ClI-

Uf 
-

CID

00

(U//lq7) SSOV/j/1 /VAPID&~



icc

C"'J

a.

CD.,

-~ -- U -

-
-T 

t3'.

(~) 000 0

.C C
to ~ ~~~~~ Cl )C I-( ) v0

(Ullq) s$6hWS OIP-

93p.



coi

IiIf

rn )

co1

tr)

C- j

IDI
Ul~q SSSVPýS I.IP0

--*---~~~4 ~4-,4-L±0 'I



-- ~ ~~~ -~ -------------- 

-

CL---__01

(-)

__________(~) *~: -in' -

2E -

CL'

00 o

C~-

LOf

-... .... ... .. -- ____ cOD

~ -- - - ---- l------4-Q

CI U- -

(U//q-7) ssDU///jg /D./Po~y



____ 
1 

0

I~~ } C--

-4 0

Ptt 0~j

I! Ih-I.--.. __ t jto



r -*

14C4C

_ _ _

I.L

Lu CI N

______ __ _____________

CCo

NJ- c

N 0

C) o a

N L

IC)

illD-
(U//u 7) SSOMSe vjj/i

97



_______ _______0

-- ~ _ _ __O_

to 0

0)

ii C)

(~) ' 9_ _ __0)
-- ----- ~d- -__

______ -1 ______ _ ____ ____to - O __ 400 --- Ao t-E 7 (D )Iz:.Cj
___ lq7 IIPY.1 ___P



V~j

- -i IL
If)

0~j tH L'

co 
0..

____ _ __ __ ____

_ _ _ z

____ -J W.~ ~ ' -A'1-n 1
I ro

in v_ _ c~- asCI-f. - - _ _ _ _ _ _ _ _ C.0

ss vJI I
99 I



S1A
W0

if S

____ _ _ _ __ __'__ _ _ I
--- i---:.-

l O0

.771

-4-- _ .---

4 -O

Hfo

_ _ _ _ _ _ _ _ _ _ NLo .. r) C ~ ID a) D (- W O v ro Nin
(,Vllq7

I. __ _ _ ____00



C\ _ __ _

LLJ ____

LU - -i

LO (

0nC~

c'J P 4 C.. '

______ v {1 ____ ________Cc

I I3
____ _ I ~ i _ ___ ____ ____

Z
''In

m -j U. II

____ 010 - IO

.IF



REFERENCES j

1. Lewis, P. and Malanoski, S. B., Roller Bearing Dynamics Design

Technology, Part IV: Ball Bearing Design Data Technical Report
AFAPL-TR-65-45, Part IV.

2. Pan, C. H. T., Wu, E., and Krauter, A. I., Rotor Bearing Dynamics
Technology Design Guides: Part I, Flexible Rotor Dynamics, AFAPL-
TR-78-6, Part I, June 1978, Air Force Aero Propulsion Laboratory,
Wright-Patterson Air Force Base, Ohio.

3. Mauriello, J. A., LaGasse and Jones, A. B., Rolling Element Bearing
Retainer Analysis, DAAJO2-69-C-0080, TRI05.7.i0, USAAMRDL-TR-72-45.

4. Crecellus, W. T. and Pirvics, J., Computer Program Operation Manual
on "SHABERTH" a Computer Program for the Analysis of the Steady I
State and Transient Thermal Performance of Shaft Bearing Systems,

AFAPL-TR-76-90, Air Force Aero Propulsion Laboratory, Wright-
Patterson Air Force Base, Ohfo, October 1976.

5. Harris, T. A., Rolling Bearing Analysis, John Wiley & Sons, Inc.,
New York, 1966.

6. Palmgren, A., Ball and Roller Bearing Engineering, 3rd ed., Burbank,
1959, pp. 70-72.

7. Jones, A. B., Analysis of Stresses and Deflections, Vols. 1 and 2,
New Departure Division, GMC, Bristol, Connecticut, -946.

102IU.S.Government Printing Office: 1979 - 657-002/375


